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The fundamental (f -) mode gravitational waves from cold low-mass neutron stars are systematically studied
with various equations of state (EOSs) characterized by the nuclear saturation parameters, especially focusing on
the phenomena of the avoided crossing with the first pressure (p1-) mode. We find that the f -mode frequency and
the average density for the neutron star at the avoided crossing can be expressed as a function of the parameter, η,
which is the specific combination of the nuclear saturation parameters. Owing to these relations, we can derive
the empirical formula expressing the f -mode frequency for a low-mass neutron star, whose central density is
larger than that for the neutron star at the avoided crossing, as a function of η and the square root of the stellar
average density, x. On the other hand, we also derive the empirical formula expressing the f -mode frequency
for a neutron star, whose central density is less than that for the neutron star at the avoided crossing, as a function
of x independently of the adopted EOS. Furthermore, adopting the empirical formula of x as a function of η and
uc, which is the ratio of the stellar central density to the saturation density, we can also rewrite our empirical
formula for the f -mode frequency to a function of η and uc. So, by observing the f -mode gravitational wave
from a low-mass neutron star, whose mass or gravitational redshift is known, one could evaluate the values of η
and uc, which enables us to severely constrain the EOS for neutron star matter.
PACS numbers: 04.40.Dg, 97.10.Sj, 04.30.-w
I. INTRODUCTION
Neutron stars provided via the supernova explosions are a suitable laboratory for seeing the physics under the extreme con-
ditions. In fact, the density inside the star significantly exceeds the standard nuclear density, and the gravitational and magnetic
fields inside/around the star become much stronger than those observed in the solar system. Via the constraints on the neutron
star properties by observing the neutron star itself and/or the phenomena associated with the neutron stars, one would extract
the information about such extreme conditions. For example, the discoveries of the 2M⊙ neutron stars are enable us to exclude
some of soft equations of state (EOSs) [1–3]. In addition, the properties of the millisecond pulsar PSR J0030+0451 could obser-
vationally be estimated by the Neutron star Interior Composition Explorer (NICER) mission [10, 11]. This is because the light
curves from a rotating neutron star with a hot spot mainly depend on the compactness of neutron star, which is the ratio of the
mass to the radius, as a result of the light bending due to a relativistic effect (e.g., [4–9]).
As another approach to observationally extract the neutron star properties, asteroseismology is also powerful technique, which
is similar to seismology on the Earth and helioseismology on the Sun. That is, since the oscillation frequencies strongly depend
on the interior properties of objects, one can extract the invisible information via observation of such frequencies as an inverse
problem. In practice, by identifying the quasi-periodic oscillations observed in the giant flares with the crustal torsional oscilla-
tions in the neutron star, the crustal properties can be constrained [12–14]. In a similar way, via the observation of gravitational
waves from the compact objects, it is proposed that one would get the information about the stellar mass, radius, and EOS for
a high density region (e.g., [15–21]), which is sometimes referred to as gravitational wave asteroseismology. Moreover, with
respect to the gravitational waves from the supernovae, it is also discussed how the gravitational wave signals appearing in the
numerical simulations correspond to the specific gravitational wave modes in the protoneutron stars (e.g., [22–28]). Thanks
to the success of the direct detection of gravitational waves and the electromagnetic counterparts from the binary neutron star
merger [29, 30], now gravitational waves really become a new tool to see the astronomical information, with which one may be
able to practice asteroseismology on the compact objects some day.
The gravitational waves from the (cold) neutron stars have various modes [31]. According to the input physics, the corre-
sponding modes can be excited. Thus, if one would observe a specific mode in gravitational waves, one could inversely see
the counterpart in physics. From the observational point of view, the fundamental (f -) and the first (and possibly the second)
pressure (pi-) modes may be important, because those frequencies are relatively low among various modes (although their fre-
quencies are still more than kilohertz). Since the f -mode is a kind of acoustic oscillations, its frequency is considered to be
characterized by the stellar average density, which is M/R3 with the stellar mass M and radius R. In fact, it is shown that the
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2TABLE I: EOS parameters adopted in this study, where the transition density, nc, between the crust and core is also shown.
EOS K0 (MeV) L (MeV) η (MeV) nc (fm
−3)
OI-EOSs 180 31.0 55.8 0.09068
180 52.2 78.9 0.07899
230 42.6 74.7 0.08637
230 73.4 107 0.07345
280 54.9 94.5 0.08331
280 97.5 139 0.06887
Shen 281 111 151 0.058
f -mode frequency is written as a linear function of the square root of the stellar average density, where the dependence on the
adopted EOS is weak [15, 16]. Nevertheless, if the small dependence on the adopted EOS in the linear relation between the
f -mode frequency and the square root of the average density could be described with a specific parameter characterizing the
EOS, one would extract the EOS information via the observation of the f -mode gravitational waves. For this purpose, in this
study we systematically examine the f -mode frequency in low-mass neutron stars constructed with various EOSs, focusing on
the nuclear saturation parameters as the parameter characterizing the EOS. Since the density inside the low-mass neutron stars
is relatively not so high, the stellar properties are considered to be directly associated with the nuclear saturation parameters.
In fact, it is shown that some of the neutron star properties are written well as a function of the stellar central density and the
suitable combination of the saturation parameters, η [32, 33]. In a similar way, in this study we will try to derive the empirical
formula for the f -mode frequency from the low-mass neutron stars as a function of the stellar central density and η.
This paper is organized as follows. In Sec. II, we describe the EOSs and low-mass neutron star models considered in this
study. In Sec. III, we show the eigenfrequencies of gravitational waves from the low-mass neutron stars, where we especially
focus on the properties at the avoided crossing between the f - and p1-modes. Then, we derive the empirical formula for the
f -mode frequency. Finally, we make a conclusion in Sec. IV. Unless otherwise mentioned, we adopt geometric units in the
following, c = G = 1, where c denotes the speed of light, and the metric signature is (−,+,+,+).
II. EOS PARAMETERS AND LOW-MASS NEUTRON STAR MODELS
In this study, we simply consider the spherically symmetric stellar models, which are constructed by integrating the Tolman-
Oppenheimer-Volkoff equations together with an appropriate EOS. Various EOSs have been proposed up to now, but the EOS
for neutron star matter is not fixed yet. This mainly comes from two reasons, i.e., the lack of observational constraints on the
neutron stars and the difficulty for obtaining the nuclear information in high density region from terrestrial experiments. On the
other hand, owing to the nature of nuclear saturability, the EOS in lower density region, such as around the saturation density, is
gradually constrained via terrestrial experiments. In fact, any EOSs are characterized by the nuclear saturation parameters. That
is, the bulk energy, w, of nuclear matter with zero temperature for any EOSs can be expanded in the vicinity of the saturation
point as a function of the baryon number density, nb, and neutron excess, α, such as
w = w0 +
K0
18n2
0
(nb − n0)
2 +
[
S0 +
L
3n0
(nb − n0)
]
α2, (1)
where w0 and K0 denote the bulk energy and incompressibility for the symmetric nuclear matter at the saturation density, n0,
while S0 and L are the parameters associated with the nuclear symmetry energy, S(nb), via S0 = S(n0) and L = 3n0(dS/dnb)
at nb = n0. Among these five saturation parameters, n0, w0, and S0 are well constrained from the experimental data for masses
and charge radii of stable nuclei, but the constraint on the remaining two parameters, K0 and L, is relatively more difficult,
because these are associated with the derivative of nb at nb = n0, i.e., one has to prepare the experimental data in the wide
range of nb around nb = n0 in order to constrain K0 and L. Thus, in this study, we focus on K0 and L to see the dependence
of the gravitational wave frequency on the EOS parameters. For this purpose, we especially adopt the phenomenological EOS
constructed by Oyamatsu and Iida [34, 35] (hereafter we referee to this EOS as OI-EOSs) together with the Shen EOS based
on the relativistic mean field theory [36]. We remark that one can choose the values of K0 and L in OI-EOSs, where the other
parameters are fixed in such a way as to recover the experimental data for stable nuclei. The concrete EOS parameters considered
in this study are listed in Table I, where η is a parameter defined by Eq. (2) and we also show the transition density, nc, from the
crust (composed of non-uniform matter) to core (composed of uniform matter).
Since the neutron star structure in high density region depends strongly on the adopted EOSs, where one may have to take
into account the many-body interactions and the contribution from non-nucleonic components such as hyperons and quarks,
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FIG. 1: Mass-radius relation with various EOSs for ρc ≤ 2ρ0. For reference, we also show the radius of a 1.4M⊙ neutron star constrained
from GW170817.
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FIG. 2: For ρc/ρ0 = 1.5 and 2.0, the square root of the normalized stellar average density, x ≡ (M/1.4M⊙)
1/2(R/10 km)−3/2, constructed
by various EOSs is shown as a function of η. The thick-solid line denotes the fitting line with Eq. (4).
in this study we consider only the low-mass neutron stars, whose central density is less than 2ρ0 with the saturation density
ρ0 = 2.68× 10
14 g cm−3. In fact, in this density region, one can avoid the contribution from non-nucleonic components [37].
In addition, according to the quantum Monte Carlo calculations, the uncertainty from three-neutron interactions in pure neutron
matter is not so relevant in the density region of ρ <∼ 2ρ0 [38]. In Fig. 1, we show the relation between the stellar mass, M ,
and radius, R, for the low-mass neutron stars constructed with the EOSs listed in Table I, where for reference we also show the
radius constraint obtained from the event GW170817, i.e., the maximum radius of a 1.4M⊙ neutron star should be less than 13.6
km [39]. With this constraint, some of the EOSs considered in this study may be ruled out. Even so, in order to examine the
dependence of the gravitational wave frequencies in the wide parameter range, we consider the EOSs listed in Table I.
It has been shown that such low-mass neutron stars can be characterized well by a new parameter, η, defined as [32]
η = (K0L
2)1/3. (2)
In practice, the mass,M , and gravitational redshift, z, (which consequently reduces to the radius) of low-mass neutron stars are
expressed as a function of η and uc ≡ ρc/ρ0, i.e., M = M(η, uc) and z = z(η, uc), where ρc is the central density of neutron
stars. In a similar way, the moment of inertia, quadrupole moment, quadrupole ellipticity, tidal and rotational Love number, and
apsidal constant of slowly rotating low-mass neutron stars, can be expressed as a function of η and uc [33]. Furthermore, by
assuming that the EOS characterized by η is adopted in the density region of ρ ≤ 2ρ0 and the causal limit EOS, i.e., the sound
velocity is the same as the speed of light, is adopted in the density region of ρ ≥ 2ρ0, the possible maximum mass of neutron
stars is given by
Mmax
M⊙
= 2.856 + 0.1511η100, (3)
where η100 ≡ η/100 MeV [40].
As in Refs. [32, 33], we additionally find that the square root of the normalized average density, x ≡
(M/1.4M⊙)
1/2(R/10 km)−3/2, for the low-mass neutron stars with the fixed central density can be described as a function of
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FIG. 3: The coefficients in Eq. (4) are shown as a function of uc ≡ ρc/ρ0. The thick-solid line in each panel is fitting line given by Eqs. (5) -
(7).
η. In Fig. 2 we show the value of x for uc = 1.5 and 2.0 constructed with various EOSs are shown as a function of η, where the
thick-solid lines are fitting lines given by
x = c0η
−1
100
+ c1 + c2η100. (4)
In this formula, c0, c1, and c2 are coefficients depending on uc. To see the dependence of these coefficients on uc, we examine
the fitting lines given by Eq. (4) as varying the value of uc. Then, the resultant coefficients are shown in Fig. 3 as a function of
uc, where the top, middle, and bottom panels correspond to c0, c1, and c2, respectively. In this figure, the thick-solid lines are
fitting lines given by
c0(uc) = 0.8885u
−2
c − 1.0670u
−1
c + 0.03225, (5)
c1(uc) = −1.1810u
−2
c + 0.3742u
−1
c + 1.0120, (6)
c2(uc) = 0.5375u
−2
c − 0.2919u
−1
c − 0.09055. (7)
At last, we derive the empirical formula (Eq. (4) with Eqs. (5) - (7)) describing x for low-mass neutron stars as a function of η
and uc as well asM and z, i.e., x = x(η, uc).
III. GW ASTEROSEISMOLOGY
On the low-mass neutron stars discussed in the previous section, we discuss the gravitational wave frequencies obtained by
linear analysis. In this study, we simply adopt the relativistic Cowling approximation, i.e., the metric perturbations are neglected
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FIG. 4: For the low-mass neutron star constructed with OI-EOSs (K0 = 180 andL = 31.0MeV), the frequencies of the f -, p1-, and p2-modes
are shown as a function of the central density normalized by the saturation density.
during the fluid oscillations. The perturbation equations are derived by linearizing the energy-momentum conservation law.
Then, with appropriate boundary conditions at the center and surface of neutron star, the problem to solve becomes an eigenvalue
problem. The concrete perturbation equations and boundary conditions are the same as in Ref. [19]. Since the neutron star
models considered in this study are constructed with zero temperature EOS without any density discontinuities, the excited
oscillations are only the f - and pi-modes. That is, in our model, the f -mode frequency is the lowest frequency theoretically
expected. In addition, we focus on only the ℓ = 2 modes in this study, because it is considered that the ℓ = 2 modes would be
the most energetic signal among the modes for ℓ ≥ 2. As an example, in Fig. 4 we show the f -, p1-, and p2-mode frequencies as
a function of uc for the stellar model constructed with OI-EOSs with K0 = 180 and L = 31.0 MeV. From this figure, one can
clearly observe the phenomena of the avoided crossing between the eigenmodes, i.e., the f - and p1-modes around uc ≃ 1.65
and the p1- and p2-modes around uc ≃ 1.4 [41]. We henceforth focus on the f -mode frequency, because this mode must be
observationally the most important gravitational wave signals from the compact object. We remark that the typical f -mode
frequency from low-mass neutron stars becomes around kHz, which must be difficult for detecting with the current gravitational
wave detectors. We hope the next generation detector(s), such as Einstein telescope, would probe the f -mode frequencies from
low-mass neutron stars, although it may be still challenging.
In Fig. 5 we show the f -mode frequencies for the low-mass neutron stars constructed with various EOSs. From this figure,
one can see that the central density of the neutron star, with which the avoided crossing between the f - and p1-modes happens,
depends strongly on the adopted EOS. In order to discuss the properties on the avoided crossing between the f - and p1-modes,
as in Fig. 6, the f -mode frequencies before and after the avoided crossing are respectively fitted as a cubic function of uc as
ff(kHz) = a1 + a2uc + a3u
2
c + a4u
3
c, (8)
ff (kHz) = b1 + b2uc + b3u
2
c + b4u
3
c , (9)
where ai and bi with i = 1 − 4 are fitting coefficients depending on the adopted EOS, and then the f -mode frequency and the
neutron star model at the avoided crossing are determined as the intersection between Eqs. (8) and (9). With respect to the
resultant f -mode frequency, ff,AC, we find that ff,AC can be expressed well as a function of η, uc,AC ≡ ρc,AC/ρ0, or xAC,
where ρc,AC and xAC denote the central density and x for the neutron star model at the avoided crossing between the f - and
p1-modes, respectively. In Fig. 7, we plot ff,AC as a function of η (left), uc,AC (middle), and xAC (right) together with the
fitting formulae given by
ff,AC (kHz) = 1.9926− 0.8095η100 + 0.1856η
2
100, (10)
ff,AC (kHz) = 0.6718 + 0.8995uc,AC − 0.2022u
2
c,AC, (11)
ff,AC (kHz) = −0.2608+ 7.4522xAC. (12)
So, if one would observationally see the f -mode frequency at the avoided crossing, one could extract the value of η, uc,AC, and
xAC. Additionally, we find that not only uc,AC and xAC but also the ratio of the compactness of core region, Mc/Rc, to the
stellar compactness, M/R, for the neutron star model at the avoided crossing can be expressed well as a function of η, where
Mc and Rc denote the mass and radius of core region. We remark that Rc is the radial position, where nb is equal to nc shown
in Table I, andMc is the mass inside Rc. In Fig. 8, we plot uc,AC (top), xAC (middle), and (Mc/Rc)/(M/R) (bottom) for the
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FIG. 5: For low-mass neutron stars constructed with various EOSs, the f -mode frequency is shown as a function of the central density
normalized by the saturation density.
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FIG. 6: With OI-EOSs (K0 = 180 and L = 31.0 MeV), the f -mode frequencies before and after the avoided crossing are respectively fitted
with Eqs. (8) and (9).
neutron star model at the avoided crossing as a function of η, where we also shown the fitting formulae given by
uc,AC = 1.2012η
−1
100
− 1.1616 + 1.4840η100 − 0.5233η
2
100, (13)
xAC = 0.3120− 0.1291η100 + 0.034754η
2
100, (14)
(Mc/Rc)/(M/R)AC = 1.8794− 0.5104η100 + 0.096551η
2
100. (15)
With Eqs. (10) and (15), one may extract the information for the boundary between the core and crust region inside the star via
the detection of the f -mode frequency for the neutron star at the avoided crossing, where η is an intervening variable [44].
Next, we consider the f -mode frequency as a function of x. Since the f -mode (and pi-modes) is a kind of acoustic oscillations,
its frequency is characterized by the sound speed, which is associated with the stellar average density. In fact, it has been shown
that the f -mode frequency is expressed well as a linear function of x [16], such as
ff(kHz) = 0.78 + 1.635x. (16)
In a similar way, in Fig. 9 we show the f -mode frequency for the low-mass neutron stars constructed with various EOSs.
From this figure, one can observe that the f -mode frequencies for the neutron star whose central density is less than ρc,AC are
independent from the adopted EOSs, which is expressed well as a function of x as
ff(kHz) = 0.018687+ 4.2621x+ 15.1014x
2
− 26.8770x3. (17)
In Fig. 9 we also show the frequencies calculated with Eq. (17) with the thick-solid line. Meanwhile, for a neutron star model,
whose central density is larger than ρc,AC, the f -mode frequency seems to be more or less expressed as Eq. (16). In fact, the
slope of the linear behavior between the f -mode frequency and x is similar to that in Eq. (16) independently of the adopted
EOSs. Nevertheless, the dependence of the f -mode frequency on the EOSs may not be negligible, where the f -mode frequencies
deviate within ∼ 0.5 kHz (which corresponds to ∼ 30% difference).
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FIG. 10: ff − ff,AC is shown as a function of x − xAC for various EOSs. The thick-solid and thick-dotted lines denote the fitting formulae
given by Eqs. (18) and (19), respectively.
To derive the empirical formula for the f -mode frequency with more accurate, the f -mode frequencies at the avoided crossing
are collected at the same point, as in Fig. 10. In this figure, the thick-solid and thick-dotted lines are fitting formula for ff−ff,AC
in the range of x ≤ xAC and x ≥ xAC, respectively, which are given by
ff − ff,AC (kHz) = 7.1036(x− xAC) + 0.049128, (18)
ff − ff,AC (kHz) = 1.5834(x− xAC) + 0.049128. (19)
Furthermore, since ff,AC and xAC are expressed as a function of η100 as Eqs. (10) and (14), Eq. (19) can be rewritten as a
function of x and η100 as
ff (kHz) = 1.5834x+ 0.1306η
2
100 − 0.6051η100 + 1.5477. (20)
At last, we can obtain the empirical formula for the f -mode frequency. That is, the f -mode frequencies before and after the
avoided crossing are expected by Eqs. (17) and (20), respectively. Moreover, as mentioned in the previous section, x is written
as a function of η and uc as Eq. (4) with Eqs. (5) - (7). Thus, we can rewirte the empirical formula for f -mode frequency excited
in low-mass neutron stars to a function of η and uc, i.e., ff = ff(η, uc). So, if one would observe the f -mode gravitational
wave from a low-mass neutron star, whose mass or gravitational redshift is known, one could evaluate the values of η and the
stellar central density. This information must give us a severe constraint on the EOS for neutron star matter.
Finally, we have to check the accuracy of our empirical formula. For this purpose, we calculate the relative deviation of the
f -mode frequency from the empirical formula, such as
∆f
ff
= 1−
fem
ff
, (21)
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FIG. 11: Relative deviation, ∆f/ff , of the f -mode frequency from the empirical formula given by Eqs. (17) and (20) is shown as a function
of x− xAC, where∆f/ff is calculated by Eq. (21).
where fem denotes the frequency calculated with empirical formula given by Eqs. (17) and (20), while ff denotes the f -mode
frequency for each neutron star model. The resultant values are shown in Fig. 11 as a function of x − xAC. From this figure,
we confirm that our empirical formula can predict the f -mode frequency with less than 5% accuracy. Additionally, since the
accuracy becomes the worst at the point of the avoided crossing, if one would observe the f -mode frequencies from various
low-mass neutron stars, one may identify the point of the avoided crossing.
On the other hand, we also have to check how well the methodology proposed in this study can work. For this purpose,
with respect to the neutron star models with M = 0.5M⊙ and 0.7M⊙, we compare the f -mode frequencies obtained with the
fitting formula for the mass and the f -mode frequency to those for the neutron star models constructed with the specific EOS
considered in this study. That is, once the stellar mass is observed (or fixed), the normalized central density, uc, is determined
as a function of η via the mass formula (Eq. (2) in Ref. [32]). Then, via the fitting formula of the f -mode derived in this study
(Eq. (20) together with Eqs. (4) - (7)), one can estimate the f -mode frequencies as a function of η (or uc). The resultant f -mode
frequencies are shown as a function of η with the solid line forM = 0.5M⊙ and the dashed line for 0.7M⊙ in Fig. 12. On this
figure, we also plot the f -mode frequencies for the neutron star models constructed with the EOS considered in this study with
the circles for M = 0.5M⊙ and the squares for 0.7M⊙. We remark that since we consider the low-mass neutron stars shown
in Fig. 1, we do not consider the neutron star models with lower value of η, whose mass does not approach 0.5M⊙ or 0.7M⊙.
From this figure, we can conclude that our methodology proposed in this study works well, if η is in the range of 90 <∼ η
<
∼ 140
MeV. The reason why our methodology does not work well for lower value of η may come from the fact that the central density
of neutron star with lower value of η becomes higher for the neutron star models with fixed mass, while the uncertainty in a high
density region becomes significant as discussed in Ref. [32], which leads to that the mass and f -mode formulae do not work
well in such a region. In fact, since we derive the fitting formulae by considering the region for uc ≤ 2, the line to the left of the
asterisk (with lower value of η) in Fig. 12 is incredible, where the asterisk denotes the neutron star model with uc = 2. In order
to complement this inadequacy, one may have to find an additional nuclear parameter expressing the higher density region.
IV. CONCLUSION
In this paper, we focused on the low-mass neutron stars and examined the frequencies of gravitational waves from such
objects. We found that the avoided crossing can generally be observed in the frequencies of gravitational waves, varying the
central density of the neutron star, where the central density of the neutron star model at the avoided crossing strongly depends
on the adopted EOS. We particularly examined the neutron star models at the avoided crossing between the f - and p1-modes for
various EOSs and we found that the f -mode frequency at the avoided crossing can be expressed as a function of η, which is a
specific combination of the nuclear saturation parameters, the central density, and the square root of the average density of the
neutron star models at the avoided crossing. In the same manner, the central density, the square root of the average density, and
the ratio of core compactness to the stellar compactness of the neutron star models at the avoided crossing can be expressed as
a function of η. Owing to the relation between the f -mode frequency at the avoided crossing and η together with the relation
between the square root of the average density of the neutron star models at the avoided crossing and η, we could derive the
empirical formula expressing the f -mode frequency for a neutron star model, whose central density is larger than that for the
neutron star at the avoided crossing, as a function of the square root of the average density and η (Eq. (20)), with which the
f -mode frequency can be estimated with less than 5% accuracy. On the other hand, the f -mode frequency from the neutron stars
whose central density is less than that for the neutron star at the avoided crossing can be expressed as a function of the stellar
average density independently of the adopted EOS (Eq. (17)). Finally, adopting the empirical relation for the square root of the
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FIG. 12: The f -mode frequencies for 0.5M⊙ (solid line) and 0.7M⊙ (dashed line) neutron star models are shown as a function of η with
using the methodology proposed in this study, i.e., with using the fitting formulae for the f -mode frequency and the mass as a function of uc
and η. The circles and squares are the f -mode frequencies for the neuron star models constructed with the EOS considered in this study. On
each line, the asterisk denotes the neutron star model, where uc becomes 2. Since we derive the fitting formulae by considering the region for
uc ≤ 2, the left-hand part of the asterisk is incredible.
average density as a function of η and uc, which is the ratio of the stellar central density to the saturation density, we can rewrite
the empirical formula for the f -mode frequency to a function of η and uc. That is, if one would observe the f -mode gravitational
wave from a low-mass neutron star, whose mass or gravitational wave redshift is known, one could evaluate the values of η and
uc, because the mass and gravitational wave redshift are also written as a function of η and uc.
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